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Breaking a “Vicious Circle”: Unscrambling A.-C. Clairaut’s 
Iterative Method of 1743 
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In this paper 1 show how in 1743 A.-C. Clairaut applied an iterative method to calculate 
the ellipticity of an infinitesimally flattened, homogeneous ellipsoid of revolution in equilib- 
rium, taken to represent the earth. Clairaut did not make very clear what he was doing and, 
as a result, left certain readers in the dark. They could not understand the point of the 
calculation and erroneously thought that Clairaut was going around in circles. The paper 
ends with a discussion of Clairaut’s clarification of the calculation, published in 1760 in 
response to the criticisms of John Muller, and a brief comparison of Clairaut’s iterative 
method with the “Newton-Raphson Method.” 1 1988.4cademlc Pres\. Inc. 
Dans cet article je montre la methode d’approximation d’A.-C. Clairaut pour trouver 
I’ellipticite d’un ellipsoi’de homogene de revolution en equilibre dont l’ellipticitt est infinite- 
simale et qui reprtsente la terre. Certains lecteurs ont mal compris Clairaut. Ceux-ci ont cru 
Clairaut pris au piege dans un “cercle vicieux en logique.” Clairaut a repondu a son critique 
John Muller en 1760, et j’explique cette reponse. Mon article se termine par une breve 
comparaison de la methode de Clairaut et de celle dite “Newton-Raphson.” Cette com- 
paraison peut eclairer la cause du malentendu. Cl 198X Acndcmic Prc\r. Inc. 
Ich zeige in diesem Aufsatz die Iterdtionsmethode, die A.-C. Clairaut 1743 anwandte. urn 
die Elliptizitat eines infinitesimal abgeflachten, homogenen. im Glcichgewicht befindlichen 
Rotationsellipsoids zu berechnen, das die Erde darstellen sollte. Clairaut erklarte sein 
Vorgehen nur unzulanglich und lie13 deshalb bestimmte Leser im Unklaren. Sie konnten 
nicht verstehen, worauf es bei der Rechnung ankam. und dachten irrttimlicherweise. 
Clairauts Argumentation sei ein logischer Zirkel. Der Aufsatz endet mit einer Diskussion 
von Clairauts Klarstellung seiner Rechnung. die 1760 als Antwort auf John Mullers Kritik 
erschien, und mit einem kurzen Vergleich von Clairauts Iterationsmethode mit der Newton- 
Raphson-Methode. ia 1988 Acadcmlc Prnr. Inc. 
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In [Clairaut 1743, 15%1921. the French mathematician Alexis-Claude Clairaut 
derived for the first time the formula 
6 = (5/4)(p (1) 
for the ellipticity 6 = (R - P)/P of an infinitesimally flattened, homogeneous 
ellipsoid of revolution in relative equilibrium, acted on by the universal inverse- 
square law of attraction, where R = the equatorial radius of the ellipsoid, P = the 
polar radius of the ellipsoid, and cp = the ratio of centrifugal acceleration of 
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rotation at the equator to effective gravity there. An infinitesimally small, quantity 
p is a finite quantity p for which p* + p. Formula (I) holds only for ellipsoids of 
revolution whose ellipticities are infinitesimally small, which means that it is valid 
only to first order. 
In fact, in some sense formula (I) was not really new. Presenting his theory of 
the earth’s shape, Newton [1726/1972 II, 596-5981 had introduced, without any 
derivation or explanation, the formula 
hpi(41505)) = (6/(1/100)), 
from which he concluded that 6 = l/229 is the ellipticity of a homogeneous 
ellipsoid of revolution in relative equilibrium whose ratio cp of centrifugal accelera- 
tion to attraction at the equator is l/289, which he took as the value of cp for the 
earth. Here 4/505 is the value that Newton gave for the ratio of centrifugal acceler- 
ation to attraction at the equator of a homogeneous ellipsoid of revolution in 
relative equilibrium whose ellipticity is li 100. It turns out that Newton’s formula. 
too, is valid only to first order, while his and Clairaut’s formulas are indistinguish- 
able up to terms of first order [I]. 
Newton failed not only to explain his above-cited equation but also to elucidate 
a number of other parts of his theory of the earth’s shape. Even Newton’s conti- 
nental peer Johann I Bernoulli could not make any sense out of the theory. Its 
deficiencies and ambiguities caused Clairaut during the years 1737-1743 to recon- 
sider Newton’s whole theory of the earth’s shape. Clairaut [ 17371 filled in impor- 
tant gaps that Newton had either overlooked or at least not bothered to explain. 
For example, without giving any reason, Newton took the ellipsoid of revolution 
to be a figure of equilibrium. Clairaut substantiated, in a way that Newton had not, 
that an infinitesimally flattened, homogeneous ellipsoid of revolution is indeed a 
figure of equilibrium. In the process, he provided all the elements-that is, the 
particular approximate calculations, valid to first order-needed to produce for- 
mula (I). Clairaut, however, did not derive and display this formula in his paper of 
1737, for it was not so much formulas as the whole underlying basis for Newton’s 
theory which he questioned. 
Clairaut used a blend of analysis and geometry in his paper, which involved 
simplified, approximate geometric arguments, truncated binomial expansions, and 
so forth, without any estimate of the total error in making such approximations. 
His arguments would have ended in a meaningless exercise had the total error in 
fact been of the same order as the infinitesimally small ellipticity 6 sought. 
In his essay on the causes of the tides, which shared the Paris Academy prize of 
1740, the Scottish mathematician Colin MacLaurin, using geometry, demon- 
strated for the first time that Newton’s theory of homogeneous figures of equilib- 
rium held for homogeneous ellipsoids of revolution with jirzite ellipticities. In 
applying geometry, MacLaurin made no approximations. Thus he deduced rigor- 
ously exact theorems for such ellipsoids. MacLaurin republished his derivations 
and conclusions in his Treatise of Fluxions of 1742. 
Clairaut justly hailed MacLaurin’s geometric theorems. They were indeed a 
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remarkable achievement for the time. Combining them with analysis, Clairaut 
obtained in his treatise of 1743 the series 
6 = (5/4)9 + (5/224)(p2 + (135/6272)(p3 + . . . 
for the finite ellipticity 6 of a homogeneous ellipsoid of revolution in relative 
equilibrium, acted on by the universal inverse-square law of attraction, whose 
ratio of centrifugal acceleration to effective gravity at the equator is cp [Clairaut 
1743, 187-1881. Typical of the times, he did not discuss convergence of the series, 
even though in fact it does converge for the case of the earth. In deriving his 
series, Clairaut made use of the expansion 
I/( 1 + n2) = I - n* + n4 - n6 + . . , 
and its term-by-term integration 
Tan-l n = j (l/(1 + n2))dn = j (1 - n’+ d- n”+. . .)&I 
= n - (n3/3) + (d/.5) - (n7/7) + . . . , 
where II = m and m = 1 + 6 [Clairaut 1743, 176-1791. But the expansion, 
and its integration term by term, are valid only when n* < 1. That is, m2 - 1 = rz2 
<1,0r(l+6)2=m2<2,whichmeans(1+6)<V?,or6<V?- 1,whichistrue 
for the earth, and even for the considerably more flattened planet Jupiter, whose 
ellipticity is not infinitesimal. 
By comparing the first two terms (5/4)(4 and (51224)~~ of the series, and taking (o 
to have the earth’s value l/288, Clairaut concluded that the first term (5/4)(p = 
(5/4)( l/288) = (10/8)( l/288) = lo/2304 alone sufficed to give the earth’s ellipticity 
6. In other words, he found the ratio of the second term to the first to be negligibly 
small, which is to say that if (5/4)cp = (Y, (5/224)(p2 = /3, and p/a! = y, then y? < y. 
But (Y + p = (Y + a-y, while c$ 4 (Y and y” 4 y means that acy is a term of second 
order and hence can be neglected. In this way, thanks to MacLaurin, Clairaut was 
able to demonstrate conclusively, as he had been unable to do before, that his 
theory (and Newton’s) did indeed hold to first order. Clairaut concluded that 
formula (I) could be used: “it serves no purpose to include the other terms of the 
equation S = (5/4)(p + etc. [in the expression for the earth’s ellipticity]” [Clairaut 
1743, 1921. 
But then Clairaut immediately added the following observation: “If there is still 
some correction of the value [(5/4)a = (5/4)(1/288) =] 10/2304, which we have 
found for the earth’s ellipticity, still to make, it must be a consequence of a faulty 
value taken for the ratio cp of the earth’s centrifugal acceleration of rotation at the 
equator to its effective gravity there” [Clairaut 1743, 1921. What did Clairaut mean 
here? Newton had calculated the centrifugal acceleration at the equator of the 
earth, assumed spherical, using the value of the earth’s radius inferred from Jean 
Picard’s measurement, made in 1669-1670, of the length of a degree of latitude 
between Amiens, France, and Malvoisine, France, together with the earth’s 
known sidereal rate of diurnal rotation. Again assuming the earth spherical, New- 
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ton calculated the component of centrifugal acceleration in Paris perpendicular to 
the earth’s surface there in terms of the centrifugal acceleration at the equator. 
This he could do, knowing the latitude of Paris. Since the lengths of seconds 
pendulums and experiments with freely falling bodies in Paris gave the value of 
the component of effective gravity in Paris perpendicular to the earth’s surface 
there, the attraction at the equator of a homogeneous, spherical earth could be 
determined in the following way: the attraction at the equator equals the attraction 
in Paris, which equals the component of effective gravity in Paris perpendicular to 
the earth’s surface there plus the component of centrifugal acceleration in Paris 
perpendicular to the earth’s surface there. Newton then took the ratio of the 
calculated values of centrifugal acceleration and attraction at the equator, and he 
arrived at the ratio cp = l/289. 
Christiaan Huygens obtained the same value for cp by assuming an hypothesized 
central force of attraction, rather than Newton’s universal inverse-square law, 
where the center of force was presumed to be located at the center of the body 
attracted. In both cases, attraction along the surfaces of homogeneous spherical 
bodies is constant, while the variations of effective gravity with latitude along the 
surfaces of Newton’s and Huygens’ spheres must be the same, since the two 
spheres have the same radii and rotate at the same rate. Hence Newton and 
Huygens obtained the same ratio cp [2]. 
But the essential point is that Newton and Huygens both determined their value 
for cp indirectly, assuming the earth spherical, and not in terms of quantities 
measured directly at the equator. Clairaut aimed to remind the reader that the 
earth is not spherical; accordingly the value cp = l/289, calculated indirectly by 
Newton and Huygens, is not exact. The question that Clairaut had in mind was 
whether an appreciable correction for cp had to be made, or whether the difference 
between the cp for a rotating sphere and the cp for the rotating, non-spherical earth 
was negligible. As we shall see below, Clairaut presented the problem and then 
showed the difference negligible in a way that bewildered certain readers. 
To answer the question, Clairaut calculated in his treatise of 1743 the value of cp 
at the equator of the earth now assumed to be a homogeneous, infinitesimally 
flattened ellipsoid of revolution rather than a homogeneous sphere. First, he 
started with the formula for the “sine squared law” for the relative increase of 
effective gravity with latitude along the surface of a flattened, homogeneous ellip- 
soid of revolution in relative equilibrium, whose ellipticity is infinitesimally small, 
acted on by the universal inverse-square law of attraction: 
7r(l + 6.X’) = E, 
where 6 = the ellipticity of the homogeneous ellipsoid of revolution, x = the sine 
of the latitude of a point M at the surface, 7~ = the effective gravity at the equator, 
and E = the component of effective gravity at the point M perpendicular to the 
surface at h4 [Clairaut 1743, 1911. Newton [1726/1972 II, 6011 had first enunciated 
this law, but without demonstration. In [Maupertuis 1734, 981, Clairaut’s col- 
league Pierre-Louis Moreau de Maupertuis gave a faulty derivation of the law. 
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MacLaurin subsequently derived the law rigorously. Using MacLaurin’s work, 
Clairaut did the same. Clairaut rewrote the formula as 
7T = &(I/(1 + 6X?)) = &(l - 6X?), (II) 
where the latter of the two equalities holds since @ 4 6 [Clairaut 1743, 1931. Into 
this formula Clairaut substituted x = sin 48”50’, the sine of the latitude of Paris; 
the value for E obtained from Jean-Jacques Dortous de Mairan’s experiments with 
seconds pendulums carried out in Paris in 1736; and 6 = lo/2304 = l/230.4 to 
arrive at a value rr for effective gravity at the equator [Clairaut 1743, 193-1941. 
Equations (I) and (II) follow from the theories of figures of equilibrium and 
attractions of ellipsoids of revolution. As we shall see, Clairaut’s problem only 
involved solving equations, and the two theories have no intrinsic connection with 
that problem. Consequently, I will not discuss the derivations of equations (I) and 
(II). Instead I shall simply take the equations for granted and treat them as given. 
The problem of solving equations does not depend on where the equations come 
from. The histories of the two theories from which the equations follow are 
discussed in Todhunter [ 1873119621, Jardetzky [ 19581, Kopal [ 19601, and Green- 
berg [1979]. 
Clairaut next made use of a third equation relating E = the length of a degree of 
latitude at the equator, D = the length of a degree of latitude at the latitude whose 
sine is y, and 6 = the infinitesimally small ellipticity of the infinitesimally flattened 
ellipsoid of revolution. I must say a little more about this equation, because the 
one printed in Clairaut’s treatise of 1743 is erroneous. It is easy enough to show 
this, but it serves no purpose to do so here. Clairaut doubtlessly used the correct 
formula. The trouble is that Clairaut’s treatise is unfortunately riddled with mis- 
prints, and these do not make deciphering the work any easier today than it was in 
Clairaut’s time. Our interest here is in the formula that should have been printed. 
Fortunately, the true formula is not hard to obtain. Maupertuis [1735, 98-1001 
derived the formula 
2A - 2~ = 3(rd - l)AS’, (i) 
valid for an ellipsoid of revolution with infinitesimally small ellipticity, where A = 
the length of a degree of latitude at the equator, E = the length of a degree of 
latitude at the latitude whose sine is S, m = the polar radius, and the equatorial 
radius is normalized to equal 1. When the ellipsoid of revolution is flattened at the 
poles, so that E > A for S > 0, and 1 > m, Maupertuis rewrote formula (i) as 
(E. - A)/A = (3/2)(1 - m’)S’. 
He did this to verify a statement that Newton had made without demonstration 
[Newton 1726/1972 II, 6011: that degrees of latitude increase from equator to pole 
along the surface of an infinitesimally flattened ellipsoid of revolution directly as 
the square of the sine of the latitude. Maupertuis originally introduced formula (i) 
to help justify his conviction that it was necessary to measure two degrees of 
latitude at latitudes as far apart as possible-namely, near the equator and near a 
pole-in order to determine the earth’s ellipticity 6 by direct measurement with 
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the greatest accuracy possible. He argued that these two degrees would have the 
largest difference- in particular, a difference so large that observational errors in 
measuring the degrees would not nullify the use of formula (i) to determine the 
earth’s ellipticity. (In other words, the observational errors would not be of the 
same order as the difference between the two degrees, but of higher order.) An 
expedition to Peru had already been planned, and it embarked in 1735. Here 
Maupertuis marshalled evidence for the need for a second expedition, to Lapland. 
Now, Maupertuis’ formula (i) assumes the ellipticity infinitesimally small, which 
means that terms of second and higher order in the ellipticity 6 were neglected in 
obtaining it. But ((1 - m)lm) = 6, or m = l/(1 + 6). Thus m’ - 1 = (- 6? - 
26)/(1 + S)? = -26 to first order in 6. Hence formula (i) can be rewritten as 
A = 2&/(2 - 3(m? - I)$) = 2&/(2 - 3(-26)S’) = c/(1 + 3&Y?), 
which also equals E( 1 - 3X?) to first order in 6. Thus Clairaut evidently used the 
formula 
E=D(l -36~‘) mu 
for the degree E of latitude at the equator expressed in terms of the quantities D, y, 
and 6 defined above. 
Into formula (III), Clairaut substituted y = sin 66’20’ (the sine of the latitude in 
Lapland), 6 = l/230.4. and D = the length of the degree of latitude in Lapland 
measured by Maupertuis and his co-workers Clairaut, Camus, LeMonnier, 
Outhier, and Celsius. This gave Clairaut the length of the degree of latitude at the 
equator [Clairaut 1743, 1941. Knowing the degree of latitude at the equator, the 
radius of curvature of a meridian of the ellipsoid at the equator-effectively, the 
equatorial radius of the ellipsoid-could be calculated, and then the centrifugal 
acceleration of rotation at the equator could be determined in terms of this and the 
earth’s rate of diurnal rotation. 
Using this value of centrifugal acceleration at the equator, together with the 
value for 7~ given by formula (II), Clairaut obtained a value cp = loo/28752 for the 
ratio of centrifuga? acceleration to effective gravity at the earth’s equator. For- 
mula (I) then gave 6 = (514)~ = (5/4)(100/28752) = (10/8)(100/28752) = 
1000/230016, which Clairaut rounded off to 1000/230020, as the value of the 
earth’s ellipticity, assuming the earth to take the form of an infinitesimally flat- 
tened, homogeneous ellipsoid of revolution in relative equilibrium, acted on by 
the universal inverse-square law of attraction. This, Clairaut affirmed, “showed 
that the ratio of the earth’s axes is, without sensible error, 230 to 231 [in other 
words, the earth’s ellipticity is l/230], assuming the earth homogeneous” 
[Clairaut 1743, 194-1951. 
Clairaut’s demonstration thoroughly confused certain readers, like John Muller, 
mathematics professor at the Royal Military Academy, Woolwich. Muller dis- 
missed it altogether [Muller 1760, vii-viii, 319, 3541. Muller was evidently one of 
Newton’s many English worshipers who believed Newton could do no wrong. He 
seemed to think that Clairaut in general made everything that Newton had made 
appear easy look difficult. In particular, Muller understood Clairaut to have calcu- 
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lated an ellipticity 6 = l/230.4, which differed from l/230. According to Muller, 
Clairaut assumed l/230 to be the true value of the ellipticity of a homogeneous 
earth. Starting with 6 = l/230.4, Clairaut in Muller’s view arrived at 11230 as the 
value of the earth’s ellipticity by a long, tedious, circuitous calculation-and only 
by assuming in the first place that l/230 is the true value of the ellipticity. In short, 
Muller thought Clairaut was caught “in what is called a vicious circle in logic” 
[Muller 1760, 3541. 
Before Muller’s book was published, one of the referees, the French mathema- 
tician Alexandre Saverien, sent Clairaut Muller’s various criticisms of his theory 
of the earth’s shape. Clairaut wrote a reply in the form of a letter to this referee. It 
was appended to Muller’s volume. 
As Clairaut interpreted Muller, Muller believed he had “assumed the very thing 
in question” and merely “added some verbiage to it” [Clairaut 1760, 3931. Thus it 
seemed patently clear to Clairaut that Muller simply did not grasp “methods of 
approximation” [Clairaut 1760, 3931. As a result, Clairaut’s reasoning appeared 
circular to Muller, who failed to understand the point of his calculation. 
In the light of such criticisms stemming from apparent incomprehension, 
Clairaut enlarged upon his argument in his reply to Muller, for the benefit of those 
who had read his treatise of 1743 but, like Muller, had failed to understand the 
reasoning. Clairaut stated the problem plainly, in a way that he had not in 1743. 
He emphasized with greater lucidity that in 1743 he had lacked a value for cp at the 
equator obtained by direct observation there-a value determined in terms of, 
say, the length of a seconds pendulum at the equator and the length of a degree of 
latitude (thus the radius of curvature of a meridian of the earth considered as an 
ellipsoid of revolution) at the equator. If Clairaut had had cp at the equator given 
directly, then, provided its value was infinitesimally small (cp’ e cp), he would have 
had simply to substitute it into formula (I) to obtain the value 6 for a flattened, 
homogeneous earth whose ellipticity is infinitesimally small. But in 1743, Clairaut 
did nor have the true value of cp at the equator at his disposal. The value cp = 11289 
used by Newton and Huygens was the ratio of centrifugal acceleration to attrac- 
tion at the equator of a spherical earth, inferred indirectly from measurements 
made elsewhere. In 1743, Clairaut too had only measurements made elsewhere 
with which to work: the length of a seconds pendulum in Paris and the length of a 
degree of latitude in Lapland. At the same time, he knew that 11289 could not be 
the actual value of (o at the equator. because the earth is not spherical [Clairaut 
1760, 3931. 
In 1743 Clairaut applied what we would now call an “iterative method” in order 
to correct the values l/289 for cp and 11230.4 for 6. Such methods were by no 
means new at the time. Francois Vi&e, James Gregory, and Newton had already 
used them to solve for roots of equations. Perhaps the best known iterative 
method is the “Newton-Raphson Method,” which Newton first published in the 
Principiu (Book I, Proposition 3 1, Problem 22 and Scholium). He used it there as a 
means for solving Kepler’s equation. (For the history of the Newton-Raphson 
Method and other 17th-century iterative methods, see [Goldstine 1977, 64-68; 
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Turnbull 1963,90-941.) I shall have occasion to turn to the details of the Newton- 
Raphson Method later. 
Clairaut had shown the formula 
6 = (5/4)(p (1) 
to be accurate for infinitesimally small cp (cp? G (o). The value l/289 for ‘p obtained 
using observational data in France (Picard’s measurement of a degree of latitude) 
was the value for (o at the equator of an earth assumed spherical. It could not be 
the true value of (o at the equator of a non-spherical earth. Clairaut used formula 
(I) together with the two formulas (II) and (III) also valid to the first order-that 
is, formulas that held for flattened ellipsoids of revolution with infinitesimally 
small ellipticities 6 (a2 -G s&-to obtain successively better approximations to the 
earth’s values of cp and 6, assuming, of course, that the earth takes the form of a 
homogeneous, infinitesimally flattened ellipsoid of revolution in equilibrium. 
Clairaut started with an earth assumed spherical-thus, 60 = O-and took l/288 
as a starting value pa for cp [Clairaut 1760, 3931. He then let 
6, = U/4)9-, = l/230.4 
to obtain a first approximation to the ellipticity 6. Here he presumed that an 
ellipsoid of revolution with ellipticity 6, more closely approximated the earth’s 
true shape than a sphere did. In actuality, in 1743 Clairaut neglected the 4/ 10 in the 
denominator and simply took 6, to be l/230 [Clairaut 1743, 193-1941, not for the 
reason that Muller believed-namely, to obtain a value that agreed with 
MacLaurin’s-but because, as he put it, such “fractions were of no use in a first 
approximation [d&ermination]” [Clairaut 1760, 3941. In other words, the denomi- 
nator of I/230 alone already contained as many significant digits as it made sense 
to include in a first approximation. 
Next Clairaut took the formulas 
and 
&( 1 - 6x’) = 77 (II) 
D(1 - 36~‘) = E, (III) 
where 7~ = the effective gravity at the equator and E = the length of a degree of 
latitude at the equator, and into these formulas he substituted al, as well as the 
measured values x = sin 48”50’ (the sine of the latitude of Paris), E = the compo- 
nent of effective gravity in Paris perpendicular to the earth’s surface there (which 
Mairan had determined by his experiments with seconds pendulums), y = 
sin 66”20’ (the sine of the latitude in Lapland), and D = the measured length of a 
degree of latitude in Lapland, to give him 7rI, an initial value for the effective 
gravity at the equator, and El, an initial value for the length of a degree of latitude 
at the equator. In terms of these two values, cpl could be calculated, viz., cpI = 
F(ri, El), where F(p,v) is a known function of p and V. Because the ellipsoid of 
revolution with ellipticity a1 supposedly approximated the earth’s true shape bet- 
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ter than a sphere did, the (pI so obtained (100/28752) was presumably closer to the 
true value of cp at the earth’s equator than was qO. 62 = (5/4)(a,(= 10001230020) was 
then the ellipticity of an infinitesimally flattened ellipsoid of revolution which 
better approximated the earth’s actual shape than did the ellipsoid of revolution 
with ellipticity 6,. 
Clairaut stopped here, because he concluded i& to be close enough to the 
ellipticity the earth would actually have, were it a homogeneous ellipsoid of 
revolution in equilibrium. But he indicated that 8~ could be used in formulas (II) 
and (III), together with the given observed values for x, E, y, and D, to yield jsy? and 
E2, and then cp2 in terms of these: cpz = F(QE?), from which a3 would be obtained 
via formula (I) as a3 = (514)~~. In other words, iS3 and 9~ would be values closer yet 
to the earth’s true values for 6 and cp [Clairaut 1760, 3941. 
Moreover, Clairaut emphasized that he would have arrived at exactly the same 
conclusions had he started with what he called Newton’s “less rigorous” approxi- 
mation l/229 for 6, instead of 11230. The fact that his second value 11230.02 for 6 
scarcely differed from l/230 simply meant to Clairaut that his first value l/230.4 
for 6 was already very close to the true value-closer than Newton’s l/229 
[Clairaut 1760, 3941. 
Why does Clairaut’s procedure work? Let us assume that the sequences (P”, 7~,, 
En, and 6,. y1 = 1, 2, 3, 4, . . . , obtained from 
6” = (5/4h&, 
&( 1 - 6,X’) = 7T” 
D(1 - 36,~~) = E, 
pn = F(rr,+%) 
all converge, 
6” -+ 6 
(I”) 
(II”) 
(111”) 
(IV”) 
as 12 -+ ~0. Then taking limits in Eqs. (I,), (II,,), (III,), and (IV,), as n + =, yields 
6 = (514hp (1x) 
&(I - 6x?) = ?T (IL) 
D(1 - 36~~) = E (III,) 
cp = F(n-.E). (IV4 
Now, for given X, E, y, and D, (I=), (IL), (III,), and (IV,) are four equations in 
four unknowns, cp, 6, 7~, and E, which completely determine the four quantities cp, 
6, rr, and E. But these four quantities can only be, respectively, 6 = the infinitesi- 
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ma1 ellipticity of the homogeneous ellipsoid of revolution; p = the ratio of centrif- 
ugal acceleration to effective gravity at the equator of a homogeneous ellipsoid of 
revolution in equilibrium whose ellipticity is 6; 7~ = the effective gravity at the 
equator of a homogeneous ellipsoid of revolution in equilibrium with ellipticity 6; 
and E = the length of a degree of latitude at the equator of a homogeneous 
ellipsoid of revolution whose ellipticity is 6. If the givenx, F, y, and D are values of 
those parameters obtained for the earth, then the corresponding values of 6, cp, 7~, 
and E in equations (Id, (II,), (III,), and (IV,) must just be the values of these 
quantities for the earth. In other words, the sequences a,, (P”, 7~,, and E,, obtained 
by iterating equations (I,), (II,), (III,), and (IV,), must converge to the values of 
these quantities for the earth. (It is tacitly assumed, of course, that the sequences 
actually do converge and that the earth takes the form of a homogeneous, infini- 
tesimally flattened ellipsoid of revolution in equilibrium.) 
It is instructive to compare Clairaut’s iterative method with the Newton- 
Raphson Method for solving for roots of equations, because such a comparison 
may help explain why Clairaut’s method caused some confusion. Suppose we take 
xl as a first approximation to a root of the equationf(x) = 0. Then provided the 
conditions are right, x2 = xl - (f(xJlf’(xJ) will lie closer to the root off(x) = 0 
than x1 does. “The right conditions” generally means f’(x) # 0 in an interval 
containing the root sought and its first approximation xl, while f”(x) # 0 in the 
interval as well, so thatf’(x) is either increasing or decreasing in this interval, and 
f(x) consequently has no points of inflexion in the interval. The formula for x2 is 
obtained as follows: y - f(xJ = f’(x,)(x - x,) is the equation of the line tangent to 
the curve y = f(x) at the point (xl,f(x,)). Sincef’(x,) # 0, this line cuts the x-axis 
at the value x2 of x where y = O-that is, -f(x,) = f’(xI)(x2 - xl), hence x2 = 
xl - (f(xJlf’(x,)). We now iterate the procedure. Sincef’(x2) # 0,fI(x2) f 0, x3 = 
x2 - (f(x&/f’(x?)) will lie still closer to the root off(x) = 0 than x2 does. In general, 
x,+1 = X” - (f(x,)/f’(x,)) will lie closer to the root off(x) = 0 than x, does. If the 
sequence xl, x1, xj, . . . , x,, . . . , obtained by iterating the recursion formula 
4lt1 = x, - c,f(&)~f’(&)) (ii) 
over and over again, converges as n + x, it converges to a root a of f(x) = 0, 
because if x, --, a, as n + ~0, then 
a +-X,+1 = X” - u-cGlYf’(xn)) - f2 - (f(4lf’(a)), 
as 12 + 30, so that -(f(a)/f’(a)) = 0, which means thatf(a) = 0 [3]. As already 
mentioned, Newton had applied this method in the Scholium of Proposition 31, 
Book I of the Principiu in order to solve for the roots of equations deriving from 
Kepler’s problem (find the position of a planet at a given time in an elliptic or 
hyperbolic orbit of eccentricity e). 
What is notable about the Newton-Raphson Method is that it involved iterating 
recursively only one formula in two interdependent variables-namely, formula 
(ii). Clairaut’s iterative method of 1743 probably confused readers because it 
required handling four interdependent variables, 6, p, r, and E, simultaneously 
related through the four formulas (I-), (IL), (III,), and (IV,), instead of only one 
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formula and two variables. Thus it was easier for readers like Muller, who evi- 
dently was not versed in methods of approximation, to lose the thread of 
Clairaut’s argument and to think erroneously that Clairaut was trapped in a “vi- 
cious circle. ” 
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NOTES 
1. If  F is the centrifugal acceleration at the earth’s equator, and A is the attraction there, Newton 
had calculated the ratio ‘p - F/A = 11289, whereas Clairaut worked with the ratio of centrifugal 
acceleration at the equator to effective gravity there: p - FI(A - F) = (F/A)(I/(I - (F/A))) = 
(l/289)(1 /( I - (11289))) = (I /289)(289/288) = I /288. That Clairaut’s and Newton’s above-cited formu- 
las do not differ from each other in any significant way, even though different ratios p appear in each, 
can be easily explained. The two ratios differ insignificantly from each other, because F/A = l/289 is 
infinitesimally small (meaning (F/A)? 6 F/A). so that F/(A - F) = (F/A)(l/(I - (F/A))) = (FIA)(I + 
(F/A)) = (F/A) + (F/A)? = (F/A). In other words. F/(A - F) = F/A to terms of first order, while, as I 
say, Clairaut’s and Newton’s formulas are accurate only to terms of first order and are indistinguish- 
able up to such terms as well. I mention this because Clairaut often used the ratios 11288 and 11289 
interchangeably, as we shall see below. 
2. In the first edition of the Principiu (1687). Newton gave without calculation l/(290$) as the value of 
this ratio, and he actually used the value l/290 in working out his theory. Huygens first gave 11289 = 
l/172 as the value of this ratio in [Huygens 1690, 1461. Huygens’ derivation is discussed in [Aiton 1972, 
83-84; Costabel 1986, 31. It is plausible that Newton borrowed this value of the ratio from Huygens for 
the second edition of the Principia (1713) and for the third edition (1726). The difference between 11290 
and l/289 is negligible for essentially the same reasons as the difference in note [I]: each is an 
“infinitesimal” quantity E (that is. cz < E), while the two differ by terms of second or higher order (in 
other words, l/290 = l/(289 + I) = (l/289)(1/(1 + (l/289))) = (l/289)(1 - (11289)) = (11289)). Newton 
demonstrated in Propositions 70-74 of Book I of the Principiu that a homogeneous spherical body with 
radius R attracts like a 1 /r2 central force in its exterior (R 5 r) and like an r central force in its interior (r 
< R). assuming that the universal inverse-square law of attraction holds. It turns out that a homoge- 
neous earth could nor be spherical, if either Newton’s or Huygens’ hypothesis of attraction holds. The 
reason is simple enough: in both cases, attraction is perpendicular to the surface of a homogeneous 
sphere at all points on the sphere’s surface. But effective gravity is irselfperpendicular to the earth’s 
surface at all points on its surface, because waters at the earth’s surface are observed to seek their own 
levels (the principle of the plumb line). But in order for this condition to hold, the earth could not rotate 
if it were spherical. For if a homogeneous. spherical earth rotated. the effective gravity at the surface. 
which in this case would be the resultant of the attraction at the surface, which is perpendicular to the 
surface, and the centrifugal acceleration of rotation at the surface, would not be perpendicular to the 
earth’s surface at all points on its surface. But the earth does rotate. Hence it must not be spherical. 
John Keill formulated this argument, in 1698. and it first appeared in print in [Desaguliers 1725. 247- 
2491, who quoted Keill’s words verbatim. 
3. For example, let g(x) = .Y - (f(x)lf’(.~)). I f  /g’(x)1 - < c m a neighborhood of the root rr, for some 
value c < 1, and if X, belongs to this neighborhood. then the sequence XI. .rzl ~3, , x,. , 
obtained by iteration, will converge to L(. This can be readily seen by repeatedly applying the mean 
value theorem to g(.~). 
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